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We consider the scattering theory for a classical particle moving on the line in the 
context of L* of the phase space. We establish the absence of a singular continuous 
spectrum and determine the bound states of the system. Also, we show that, 
in general, the corresponding wave operators are not complete. 0 1990 Academic 
Press, Inc. 
1. INTRODUCTION 
In this work we study the scattering theory for a particle with mass one 
which is moving on the line under the influence of a conservative force 
F(x). Its trajectory is given by 
2 = F(x), 40) = 4, W) = P, (1) 
where q, p denote the initial position and initial velocity, respectively. 
Let us denote by C the phase space R*. Then, the initial value problem 
(1) generates a family of mappings T(t): Z + C (t E R), given by 
T(t)(q, P) = (X(f, 99 P), a(& 49 P)), (2) 
where x( I, q, p) is the solution of (1). 
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The main purpose of the scattering theory is to compare the asymptotic 
behaviors of the interacting dynamics T(t) and the free dynamics To(t), 
which is given T,(t)(q, p) = (q + pt, p). 
In [2, 4, 61, the authors formulate the problem in the context of the 
Hilbert space L2(C), since the mappings T,,(t) and T(t) induce one- 
parameter unitary groups U,(t) and U(t) on L2(C). On the other hand, in 
[S], the theory is worked out directly on the phase space and in [I], the 
case where the force also depends on time is considered. 
In all what follows we shall assume that the force F(x) satisfies the 
following conditions: 
(C,) Z? [w + R is bounded, differentiable and F(x) = - V’(x), with 
V(x) + 0, as 1x1 -+ co. 
(C,) Given R >O, there exists c > 0 and a > 2 such that IF(x)/ < 
c 1.x -’ for 1x1 2 R. 
(C,) Given R>O, there exists c>O and fl>2 such that 
IF(x)-F(y)l~~r-~Ix-yl forallx,ysatisfying 1x1, Iyl2raR. 
We set C,= {(q,p)EZlp#O} and denote Cl (C;) the set of all 
(q, p) E Z such that x( t, q, p) is bounded for t positive (negative). 
The wave operators B f : C, + C are defined by Q + Q = p if and only 
if lim , _ + o. I r,(t) c - T(t)pl = 0; that is, if and only if the solution of 
Newton’s equation with initial data p behaves as the solution of the free 
equation as t -+ + cc. 
The existence of the wave operators as well as the following results is 
proven in [7]: 
(4 Q,: Co + C- C: are bijective and preserve the Lebesgue 
measure. 
(b) Q, =lim,+ +m T( - t) T,,(t) uniformly on compact subsets of 
to. 
(c) The sets C; and Cl differ by measure zero. 
(d) j’lt)Q f = Q * To(t). 
(e) Q;‘=lim,,., T,(-t) r(t). 
In the next section we consider the formulation of the problem in the 
context of the Hilbert space L’(Z) and in Section 3 we determine the 
bound states of the system as well as their relationship with the classical 
periodic orbits. Finally, in Section 4 we show that, in general, the wave 
operators are not complete and we establish the absence of singular con- 
tinuous spectrum by using Kato’s theory of smooth operators [S]. 
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2. THE WAVE OPERATORS ON L*(Z) 
The dynamics T,(t) and T(t) generate operators U,(t) and U(t), respec- 
tively, acting on C:(Z) as follows: 
(Uo(t)f)(o) =f(~cl(-f)~), 
(3) 
(U(t)f)(a)=f(T(-t)a). 
Since T,,(t) and T(t) are measure preserving maps, we have that the 
operators U,(t) and U(t) can be extended to all L2(C) and, by the proper- 
ties of the solution of the initial value problem (l), they become one- 
parameter strongly continuous unitary groups. Hence, by Stone’s theorem, 
there exist self-adjoint operators H, and H on L2(C) such that 
U,(t) = e-if@ and U(t) = ciH’. 
It is easy to see that the generators H,, and H are given by 
W~f)(x, Y) = -iy $(x9 ~1, 
(4) 
and 
D(H)= {~EL~(-~IH~EL*(~)}, 
(Hf)(x, Y) = &f(x, Y) + iv’(x) g (x9 Y). 
(5) 
We now consider the wave operators in L*(Z), which are defined as 
W, = lim U(-t) UJt), (6) t--r kc.2 
where the limit is taken in the strong sense. 
Under our assumptions on F(x), one can prove [4,6] that the wave 
operators exist and that they are isometries on L*(Z). The following results 
are included, in some sense, in [6], but we provide a different proof and 
work out only the case W= W, and 52 = B + (the corresponding results 
for W- and Q + follow in a similar way). We note that the equalities 
below are to be understood to hold almost everywhere. 
LEMMA 1. Given f~ L’(Z), we have that Wf(.Z’)=f(Q-‘a), for QE 
C-L’, and Wf(g)=O, for ocCb. 
Proof: Assume that f is a continuous function. By the definition of W 
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and the fact that TO( -t) T(t)(a) approaches W’(a), for all ~EC-Z~, it 
follows that 
(7) 
pointwise in Z - Z:,. Therefore, Wf = f 0 Q - ’ in C - C,. 
On the other hand, since Ran(Q) = C-C,, we have that 
= s I WI * dx, 6-21, 
which proves that Wf = 0 in C,. 
The proof for an arbitrary f E L’(Z) follows by approximation. 1 
THEOREM 2. The wave operators W have range L’(C--Z,). In par- 
ticular, W: are partial isometries with initial set L*(C - C,) and are given 
by 
Proof: Given f E L2(Z - Z,), let us consider a sequence (f,) of 
C,“-functions which converges to fin L* and let g, = f, 0 Sz. By Lemma 1, 
Wg, = f, and, since W is an isometry, it follows that g, converges to some 
g E L*(Z). This proves that f E Ran(W). 
On the other hand, for any g E C:(Z) we have that 
(g, w*f>=(Wg,f)=(goSZ-',f)=(g,foO), 
which proves our second assertion. 1 
Thus, W*W is the identity operator in L2(C) and WW* is the 
orthogonal projection onto L*(Z- EC,). Also, from the equality 
HW= WH,,, we have that HO is unitarily equivalent to the part of H in 
LyE - C,). 
Moreover, the wave operators W, are weakly asymptotic complete; that 
is, Ran( W, ) = Ran( W- ). In the last section we shall answer the question 
of whether Ran W coincides with the absolutely continuous subspace of 
L*(Z) associated to H. 
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3. BOUND STATES 
By the results of the previous section we have that when Cb has measure 
zero, the operator H is unitarily equivalent to H, and since HO is 
absolutely continuous, so is H. This corresponds to the case when the 
potential V is repulsive. 
From now on we devote ourselves to the case m(C,) > 0. 
For the sake of understanding we sketch the situation with an example 
(Fig. 1). 
The corresponding diagram on the phase space Z is shown in Fig. 2. 
The curves yl, y2, y3 are called homoclinic and they have the property 
that an infinite time is required to reach the points a, and u2 respectively. 
As this example shows, there is a closed relationship between the local 
maxima of V(x) and the existence of homoclinics. 
We denote by 8 the points of equilibrium on the phase space; that is, 
b= {(x,0)1 V’(x)=O}. 
THEOREM 3. The set consisting of all homoclinics and the set 6’ have 
measure zero. 
FIGURE 2 
134 ASTABURUAGA. FERNiiNDEZ, AND CORTiS 
Prooj It is clear that the set 6‘ verities our assertion. Let U be a 
bounded set of homoclinics in phase space. Then, for each c E U, Z( t)a 
converges to some point of 6, as t approaches infinity. 
Hence, for any f E C: we have 
= i B, f(a) & 
= 0. 
where &i is some subset of 8. This proves that U has measure zero and thus 
our assertion. 1 
We denote by Yb the set 2, with the homoclinics and the equilibrium 
points removed. 
By the result above, ,E, and CL differ by a set of measure 0, so that we 
can work in L2(rb). We remark that the set CL consists of periodic orbits 
each of which is symmetric with respect to the X-axis (with energy E = 
4 y2 + V(x)). 
In what follows, U will denote an open connected subset of C, consisting 
of periodic orbits. 
It is clear that U(t): L2( U) + L2( U) is a unitary group. Hence, L2( U) is 
a subspace which reduces the infinitesimal generator ZZ. In order to deter- 
mine the eigenvalues and eigenvectors of the restriction of H to L’(U) we 
introduce the period function T: (E,, E2) -+ R which assigns to each orbit 
in U its minimum period. Here, E, and E, are the energies corresponding 
to the boundary of U (which may be periodic orbits, homoclinic, or points 
of equilibrium). We mention [3] for a study of the period function T(E). 
We note that the intersection of U with the X-axis consists of two 
disjoint intervals. Let Z be one of them. We also note that U is symmetric 
with respect to the X-axis. 
Given (x, y) E U, we consider the energy E = y2/2 + V(x) of the orbit 
containing (x, y) and the smallest time t = r(x, y) such that (x(-t, x, y), 
a( - t, x, y)) E I. Also, we denote by U’ the set U with the new variables 
(t, E), where 0 <t < T(E), El <E-c E2, and, with the identification, 
(0, El N (T(E), E). 
If (x, y)~ U then there exists 0 = (q, 0) EZ such that x(&c) =x and 
a(t, a) = y. Hence, ax/at = y and ay/at = - k”(x). Therefore, 
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We then have that the change of variables (x, y) + (t, E) induces a 
unitary representation L2( U) --t L2(U’) and in this representation the 
unitary group U(t) corresponds to the group U’(t) which is given by 
translation in t. It follows that the restriction of H to L2(U) is unitarily 
equivalent to the self-adjoint operator H’ = -i(a/CYt), acting on L2( 17’). 
The domain of H’ consists of all functions cp E L’(U) such that 
&p/at E L2( U’), with the condition ~(0, E) = cp( T(E), E), for almost all 
THEOREM 4. The spectrum of the restriction of H to L2(U) is the set 
L= {(2nn/T(E))/nEZ and E,<E<E,}. 
Proof: Let us assume that I # 2nx/T(E), for all n E Z and E, < E< E,. 
First we show that 1 is not an eigenvalue of H’. In fact, if cp E L2( U’) is 
such that H’cp = Acp, then 
cp(t, E) = (u( - t)cp)(O, El 
= e’“‘cp(0, E). 
By evaluating in t = T(E) and using cp(0, E) = cp( T(E), E), we deduce 
that ~(0, E) = 0 and therefore cp( t, E) = 0, which proves our assertion. 
On the other hand, given $ E L2( U’), let us consider 
cp(t, E) = ~(0, E)e”’ + i ji e”(‘-‘)rl/(s, E) ds, 
where 
~(0, E)=i(l-e UT(E)) - 1 j+o=‘E’ e”‘(T(E) - “‘$+, E) & 
By our choice of A, ~(0, E) is well defined for almost all EE [E,, E2] 
and cp E D(H’). Moreover, (H’ - A) cp = $, which shows that H’ - A is onto. 
Therefore, we have proven that a(H’) c L. 
In order to prove the reciprocal, let A= 2mz/T(E,), for some m E Z and 
E,<E,<E,. 
Let (f,)c C,“((E,, E2)) such that T(E)(f,(E))2 is an approximation of 
the b-function around E = EO. Then, it is easy to prove that the functions 
%(t, El = exp(iJt Tb%)IT(E)) .L(E) satisfy ~,ED(H’), 11~~ I( = 1, and 
II (H’ - A)rp, II + 0 as n approaches infinity. Hence, 1 E a(H’). This con- 
cludes the proof since a(H’) is a closed set. a 
We denote by H, the restriction of H to L’(U). 
The behavior of the period function determines which kind of spectrum 
the operator H, has. 
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THEOREM 5. (a) Suppose that T(E) = T is constant in U. Then a(H,) 
consists of eigenvalues (which are of the form 2m7c/T). 
(b) Suppose that T(E) is not constant on any subinterval of [E,, E2]. 
Then A= 0 is the only eigenvalue of H, and any corresponding eigenfunction 
depends only on E. 
ProoJ Part (a) follows directly from Theorem 4 since the function 
cp(t, E) = exp(2n&/T) is an eigenvector of H, with eigenvalue 2mc/T. 
In order to prove (b) let us assume that I #O is an eigenvalue 
of H’. Then, there exists cp E D(H’) such that q(t -s, E) = eC”“cp(t, E). 
It follows that ~(0, E) = exp( - ilt) cp(t, E) and therefore q(0, E) = 
exp( -LIT(E)) ~(0, E), which shows that cp E 0. 1 
We remark that in [3], the author characterizes the potentials which 
locally have constant period by the condition 
(U-4)” (& 1 
I, 
= 0, 
for any x such that V(X) GE,. 
4. ABSENCE OF SINGULAR CONTINUOUS SPECTRUM 
It is clear from the last section that L2(C,) can be written as a direct sum 
of spaces L*(U), with U consisting of periodic orbits. Also, each L2( U) 
reduces the operator H. 
When U is such that the period function T(E) is constant, Theorem 5 
shows that X&(H,) = L2( U). Thus, in some sense the wave operators are 
complete in regions where the period is constant. 
In what follows we consider the case where T(E) is not constant. In this 
case, 1= 0 is the only eigenvalue of H, and X&(H,) = Ker(H,). 
In order to determine whether H, is absolutely continuous in the 
orthogonal complement of Ker(H,) we shall use Kato’s theory of smooth 
operators [S]. We recall that given a self-adjoint operator H on a Hilbert 
space &?, a bounded operator P on X is said to be H-smooth if there 
exists c > 0 such that 
for all $ E X. 
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As in the previous section, we denote by E, and E, the energies of the 
orbits forming the boundary of U, which may be equilibrium points, 
homoclinics, or periodic orbits. Also, we use the notation 
cP,(t, E) = exp 
for nEZ!, O<t<T(E), E,<E<E,. 
THEOREM 6. Suppose that U is such that the zeros of T’(E) are isolated 
and let cp(t, E) = cp,(t, E) f(E), where n # 0 and f is a measurable function 
in (E,, E2) such that MEL* and T(E)3 If(E)l’<ClT’(E)I, for ah 
E E (E, , E,). Then, the projection onto the one-dimensional subspace 
generated by cp is Ho-smooth. 
Proof Assume first that 1 T’(E)1 > 0, for all E E (E,, E2) and let P be 
the projection associated with cp; that is, PIl/ = (cp, + ) cp. 
Then, for all I,$ E L*(U) we have that 
(cp, e -iH’$ ) = ( eiH*q, * ) 
(t+s) f(E)+@, E)dsdE. ) - 
Since the period function T(E) is monotone in (E,, E2), we can intro- 
duce the change of variables: 
- 2n7t 
u=u(E)=- 
T(E) ’ 
Then, we obtain that 
(cp,e -iH’lc/ > = juT epivt 2n?& JTE) cp(s, I&, E) ds du, 
where ui= -2mc/T(Ei), i = 1, 2. 
Thus, (cp, eeiHf$) = p(t), where 
(10) 
T*(E) T(E) ~ 
F(u) =~(“,,“2)(w71)-1’2 ~ s nT’(E) o 
ds, El W, E) ds. 
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Therefore, by the Plancherel theorem, we conclude that 
Hence, by the Schwartz inequality, it follows that 
which shows that P is H,-smooth. 
In the general case, we decompose L2(U) as a direct sum of spaces 
L2( Vi), where 1 T’(E)1 > 0 in each U,. 1 
THEOREM 7. Suppose that U is such that the zeros of T’(E) are isolated. 
Then, H, is absolutely continuous in the orthogonal complement of %&(H,). 
ProoJ As in the proof of Theorem 6, we first assume that T(E) is 
strictly monotone in (E, , E2). 
Let X=, be the absolutely continuous subspace of L2( U) associated with 
H, and let S be the set of all functions in L2(U) of the form q,(t, E)f(E), 
where n # 0 and f is measurable in (E,, E,) with compact support. 
By Theorem 6, the orthogonal projection associated with any cp E S is 
HUsmooth and therefore the subspace generated by S is contained in &“, 
(see C71). 
On the other hand, by Theorem 5(b), &&(H,) consists of functions 
which depend only on E and therefore cp E $,,(H,)’ iff 
cp( t, E) dt = 0. 
Since { cp,,(t, El} is an orthonormal basis in L2( [0, T(E)] }, we have that 
the subspace generated by S is dense in (XpJH,))’ and, from the fact that 
Z=, is closed, we conclude that (S&(H,))‘- = X&. 
The proof for a general U follows as in Theorem 6. 1 
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As a consequence of the above results we remark that if there exists an 
open set U consisting of periodic orbits in which the period function is not 
constant, then the wave operators W, are not complete; in other words, 
their ranges do not coincide with &$,. In any case, if the zeros of T’(E) are 
isolated then there is no singular continuous spectrum. 
Finally, we make a comment regarding the inverse problem. In a 
forthcoming paper we shall show that the scattering operator on the phase 
space determines only some properties of the potential V(x). When the 
problem is posed in the context of L2 of the phase space, one could ask 
whether the knowledge of the scattering operator together with the eigen- 
values of H determine the potential. However, by Theorem 5, the only new 
information obtained from the eigenvalues is the period T, when there are 
regions where this function is constant. 
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